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1 Introduction

This paper is a result of the seminar on automata theory at the chair of computer
science VII at the RWTH Aachen University of Technology. As such, it is based on
[LS08] and does not contain any new research.

The universal automaton of a regular language is canonically defined, thus there
is a bijection between universal automata and regular languages. For any finite
automaton, there exists a morphism into the universal automaton of its language.
As this includes all minimal nondeterministic automata (NFA) for a given language,
it is possible to find a minimal NFA for a given regular language by means of its
morphism into its universal automaton.

This paper shortly introduces mathematical formalisms to work with automata,
then briefly defines the universal automaton for a regular language, and then shows
how to construct this automaton. It concludes in showing how to use this automaton
to construct a minimal NFA for the same language.

As a part of this seminar, Michael Brysch wrote a paper on the mathematical
foundations of and more background on the universal automaton (also based on
[LS08]). The universal automaton was subject to a lot of research, mostly con-
cerned about NFA-minimisation and star-height of regular languages. For a general
overview on the universal automaton, research on it and further references, the
reader is referred to [LS08] and [CC03].

2 Preliminaries

2.1 Definitions

Let S be a set. Then |S| is the diameter (or size) of S. 2S denotes the powerset of
S, 2S = {s|s ⊆ S}. This convention is convenient, as it holds that |2S| = 2|S|.

In the following, let Σ be an alphabet and w be a word w = a0a1...an of length
n + 1, ∀m ∈ {0...n} : am ∈ Σ. ǫ denotes the empty word (of length 0). A language
L is a set of words, L ⊆ Σ∗.

A nondeterministic finite automaton (NFA) is a 5-tuple A = (Q,Σ,∆, QI , QF ),
where Q is a set of states, ∆ is a transition-relation ∆ ⊆ Q×Σ×Q, QI ⊆ Q the set
of initial states and QF ⊆ Q the set of final states. A transition in the automaton
by a label a ∈ Σ from a state q to a state qt exists, iff (q, a, qt) ∈ ∆ and one writes
q ⊢a qt. The possible successors R = {q1, q2, ...} of a set of states P and a label a
can be written as R = {r|p ∈ P ∧ (p, a, r) ∈ ∆} = ∆(P, a). For a singleton set
P = {p} one may also write ∆(p, q). For a word w we recursively extend ∆ to be
∆(P,w) = ∆(∆(P, a0a1...an−1), an) the set of states that may be reached from P
via w.

An NFA is deterministic (a DFA), iff QI is singleton and ∀q ∈ Q, ∀a ∈ Σ : ∆(q, a)
is singleton. One then writes qi for the single state in QI , δ for the determinis-
tic transition relation ∆ and (Q,Σ, δ, qi, QF ) for the DFA. The successor qt for a
deterministic transition (q, a, qt) ∈ δ can then be written as δ(q, a) = qt. Like-
wise, for a word w, we extend δ recursively to be the single state reachable from
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q by w: δ(q, w) = δ(δ(q, a0a1...an−1), an). For a set of states P , we also define
δ(P, a) = {δ(p, a) | p ∈ P} and δ(P,w) = δ(δ(P, a0a1...an−1), an).

A run over a finite word w is a sequence of states q0q1...qnqn+1 such that q0 ⊢a0

q1 ⊢a1
... ⊢an

qn+1 are valid transitions. A run is accepting, iff q0 ∈ QI and qn+1 ∈ QF .
Otherwise it is rejecting. A word w is accepted by an automaton, iff there exists
an accepting run for w. The language LA of an automaton is the set of all words
accepted by the automaton: LA = {w|A accepts w}.

The past of a state q is the set of words P (q) = {w|∃qi ∈ QI : q ∈ ∆(qi, w)} (i.e.
there exists a run for w with its first state being an initial state and its last state being
q). Likewise, the future of a state q is the set of words F (q) = {w|∆(q, w)∩QF 6= ∅}
(i.e. there exists a run for w with its first state being q and its last state being
accepting).

For a word v we define the left (resp. right) quotient of a language L as v−1L :=
{w|v · w ∈ L} (resp. Lv−1 := {w|w · v ∈ L}. v−1L is also called a residual
language. For two languages X, Y , let (X, Y ) be a subfactorisation of a language
L, if X · Y ⊆ L. (X, Y ) is called a factorisation if it is maximal for inclusion (i.e.
∀X ′, Y ′ : X ⊆ X ′ ∧ Y ⊆ Y ′ → X = X ′ ∧ Y = Y ′). For a factorisation (X, Y ), X is
called the left factor and Y the right factor. FL is the set of factorisations of L.

For a language L, two words w, v are Nerode equivalent (w ∼L v) iff w−1L =
v−1L. For two states q, r ∈ Q of an automaton A we define Nerode equivalence as
q ∼LA

r :⇔ F (q) = F (r).

For a word w = a0a1a2...an, the reverse word is ←−w = an...a2a1a0. For a

language L, the reverse language is
←−
L = {←−w |w ∈ L}. And for an automaton

A = (Q,Σ,∆, QI , QF ), the reverse automaton is
←−
A = (Q,Σ,

←−
∆ , QF , QI) with

(qs, a, qr) ∈
←−
∆ iff (qr, a, qs) ∈ ∆. I.e. the initial and final states are swapped

and all transitions are reversed.

For a language L we define the complement language L = {w|w /∈ L}.

2.2 Algorithms

Trimming of automata. An automaton is trimmed by pruning states that are not
reachable from an initial state and merging states that can not reach a final state.

Determinisation of NFAs. A nondeterministic finite automaton can be trans-
formed into a language-equivalent deterministic finite automaton. This can be done
by powerset-construction: For an NFA A = (Q,Σ,∆, QI , QF ), a DFA DET (A) =
(Qd,Σ, δd, qd

I , Q
d
F ) is constructed with: Qd = 2Q, i.e. each state of the determinised

automaton represents a set of states in the NFA. δd = {(q, a, qt)|∀rt ∈ qt : ∃r ∈
q : (r, a, rt) ∈ ∆ ∧ ∀r ∈ q, rt ∈ Q : (r, a, rt) ∈ ∆ → rt ∈ qt}, q

d
I = QI and

Qd
F = {q | q ∈ Qd ∧ q ∩ QF 6= ∅}. Then, the automaton is trimmed. The im-

plication is that there no longer exist two states with the same past. Any states
q, r with P (q) = P (r) are merged into one state. The resulting DFA can be expo-
nentially larger as the NFA, as it can have up to 2|Q| states. Determinisation is an
EXPTIME-hard problem (see e.g. [vGP08]). It can inflate to exponential space and
may need exponential time to be solved.
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Co-determinisation of NFAs. CODET (A) =
←−−−−−−
DET (

←−
A). I.e. to codeterminize,

we reverse an automaton, determinise it and reverse it again. Likewise, the impli-
cation here is that no two states with the same future exist. For all states q, r with
F (q) = F (r) it holds that q = r. As a result, there only exists a single final state
qF in the new automaton with F (qF ) = {ǫ} and P (qF ) = LA. For obvious reasons,
co-determinisation is in the same complexity class as determinisation.

Creating the minimal DFA of an NFA.MIN(A) = DET (CODET (A)). Though
the described method is not very efficient, it is good at demonstrating how the
minimisation works: first states are merged if they have the same future; then states
are merged if they have the same past. The result is a deterministic automaton with
all states q, r that are Nerode-equivalent q ∼L r being merged. As it is required to
determinise the automaton, obtaining a minimal DFA for a given NFA may require
exponential time and result in an exponentially larger DFA.

Finding a minimal NFA for a regular language. This is a hard problem. An
algorithm is described in section 4.2.

2.3 Properties

It is well known that a language L is regular iff there exists an NFA A with LA = L
and that for all NFAs there exists a DFA and even a (up to state-isomorphism)
unique minimal (canonical) DFA representing the same language and also that the
class of regular languages is closed under complement, union and intersection.

The reader will also easily verify that
←−
LA = L←−

A
and that

←−←−
L = L. As it also

holds that LA = LDET (A), it further holds that LA = LCODET (A).

3 The Universal Automaton

In the following, let L be a regular language over the alphabet Σ.
The universal automaton for L is, like the minimal DFA, unique up to state-

isomorphism. Thus it is called the canonical automaton in several papers (e.g. in
[CC03]). As the author feels that most people connect the term ”canonical” with
the minimal DFA, the term ”universal” is used throughout this paper. The universal
automaton UL for L is defined as:

UL = (FL,Σ,∆
U , QU

I , Q
U
F )

where FL = {(X, Y ) | (X, Y ) is factorisation of L}, as described in 2.1; thus each
state corresponds to a factorisation of L. Furthermore:

∆U = {( (X, Y ), a, (X ′, Y ′) ) ∈ FL × Σ×FL | X · a · Y
′ ⊆ L}

QU
I = {(X, Y ) | ǫ ∈ X} ; QU

F = {(X, Y ) | ǫ ∈ Y }

For more on the basic features and properties of the universal automaton, please
refer to [CC03], [LS08] or the paper by Michael Brysch in this seminar.
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3.1 Construction of the Universal Automaton

To construct UL for a language L, we need to find all factorisations of L.

Lemma 1. For FL, there exists a bijection between the right- and the left factors.

Proof. Assume the opposite: there does not exist a bijection, thus there either exists
(X, Y ) ∈ FL and (X, Y ′) ∈ FL with Y 6= Y ′, or there exists (X, Y ) and (X ′, Y ) with
X 6= X ′. Assume the first. Then there exists a factorisation (X, Y ∪Y ′), thus (X, Y )
and (X, Y ′) are no factorisations 	. Be equal means, the proof holds for (X, Y ) vs.
(X ′, Y ).

Due to Lemma 1, it is enough to only find the right or left factors for a language
to begin with.

Lemma 2. a) Any intersection of right quotients is a left factor and any intersection
of left quotients is a right factor. b) For every (X, Y ) ∈ FL:

X =
⋂

y∈Y

Ly−1 ; Y =
⋂

x∈X

x−1L

Proof. For a): Let Y =
⋂

w∈W w−1L be an intersection of left quotients. Now assume
Y is not a factor, Y then has to be a non-maximal subfactor, hence ∃y /∈ Y : ∀w ∈
W : w · y ∈ L. But if so, then ∀w ∈W : y ∈ w−1L, thus y ∈ Y 	.

For b): Let x ∈ X and y ∈ Y . (X, Y ) ∈ FL ⇒ ∀x, y : x · y ∈ x · (x−1L) ⇒
∀x, y : y ∈ (x−1L) ⇒ ∀y : y ∈

⋂
x x
−1L⇒ Y ⊆

⋂
x x
−1L. Further: w ∈

⋂
x x
−1L ⇒

∀x : w ∈ x−1L. Due to the maximality of factors, it holds that w ∈ Y , thus

Y ⊇
⋂

x x
−1L. The same follows for X via

←−
L .

As noted in 2.2, codeterminisation of an automaton results in an automaton
where no states with the same future exist. A property of codeterminised automata
is, that for a state q and a label a ∈ Σ, there exists at most one predecessor-
state p with q ∈ ∆(p, a) (i.e. the incoming transitions are deterministic) and that
exactly one final state exists.1 This is a property that can be used to find the set of
factorisations for a language.

Let AL = (Q,Σ, δ, qI , QF ) be a DFA that accepts L and CL = CODET (AL) =
(QC ,Σ,∆C , QC

I , {q
C
F }). As codeterminisation is based on determinisation, QC is

a subset of 2Q. With this kept in mind, denote by IA the closure of QC under
intersection.

1This immediately follows from the definition of codeterminisation.
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Theorem 1. ψA : IA → FL is a bijection:

ψA(P ) = (X, Y ) with Y =
⋂

p∈P

F (p)

Proof. Every intersection of left quotients is a right factor (Lemma 2). With p ∈ P ,
F (p) is a left quotient, thus Y is a right factor. Thus, ψA is well defined. To prove
that it is a bijection, we prove that the inverse function is a one-to-one mapping
between FL and IA:

χA := ψ−1
A : FL → 2Q with χA((X, Y )) = { p ∈ Q | Y ⊆ F (p) }

Let (X, Y ) ∈ FL, P = { p ∈ Q | Y ⊆ F (p) } and R = { S ∈ QC | P ⊆ S } ⊆ 2Q.
q /∈ P ⇒ ∃y ∈ Y : y /∈ F (q). It follows that ∀S ∈ QC : y ∈ F (S)→ q /∈ S ∧ S ∈ R,
as y ∈

⋂
p∈P F (p). Hence, a state p is in all states of R if and only if Y ⊆ F (p), thus⋂

S∈R S = { p ∈ Q | Y ⊆ F (p) } = χA((X, Y )) = P . P =
⋂

S∈R S ∈ IA.

Lemma 3. Let S ∈ IA and ψA(S) = (X, Y ). It holds that

a) S =
⋃

x∈X

δ(qI , x) ; b) X =
⋃

s∈S

P (s)

Proof. a)
⋃

x∈X δ(qI , x) = { p | ∃x ∈ X : x ∈ P (p) } = { p | ∀y ∈ Y : y ∈ F (p)} =
{ p | Y ⊆ F (p) } = χA(X, Y ) = S.

b) Consider a state s ∈ S. According to χA, it holds that Y ⊆ F (s). Thus, due
to factorisations being maximal and AL being deterministic, any word v in P (s) has
to be in X, as v · F (s) is a subset of L.

Theorem 2. Construction of UL. Given a DFA AL = (Q,Σ, δ, qI , QF ), the automa-
ton VL is isomorphic to UL, with

VL = (IA,Σ,∆
V , QV

I , Q
V
F ) , ∆V = { (P, a, S) | δ(P, a) ⊆ S }

QV
I = {P ∈ IA | qI ∈ P} and QV

F = {P ∈ IA | P ⊆ QF}

Proof. We already defined a bijection from IA into FL. What remains to be shown
is that the definitions of initial states, final states and transitions match those of the
universal automaton:

According to Lemma 3, for all qV
I ∈ QV

I it holds that ψA(qV
I ) = (X, Y ) with

X =
⋃

s∈qV

I

P (s). Thus for all states q ∈ IA : q ∈ QV
I iff P (qI) ⊆ P (q), ǫ ∈ P (q),

ǫ ∈ X. Thus, ψA(QV
I ) = { (X, Y ) | ǫ ∈ X } = QU

I .
Using the definition of ψA, we obtain: for all qV

F ∈ Q
V
F : ψA(qV

F ) = (X, Y ) with
Y =

⋂
p∈qV

F

F (p). As qV
F ⊆ QF , it holds that ψA(QV

F ) = { (X, Y ) | ǫ ∈ Y } = QU
F .

Transitions: Given two states P, S ∈ QV , the corresponding factorisations
(XP , YP ) and (XS, YS) are well defined by YP =

⋂
p∈P F (p) and YS =

⋂
s∈S F (s). It

holds that
δ(P, a) ⊆ S ⇐⇒ YS ⊆

⋂

p∈δ(P,a)

F (p)

⇐⇒ a · YS ⊆
⋂

p∈P

F (p) = YP ⇐⇒ XP · a · YS ⊆ L
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Figure 1: Automata for L1

Theorem 3. Given a DFA for a language, the construction of the corresponding
universal automaton may need exponential time and result in an automaton of ex-
ponential size.

Proof. As the DFA needs to be codeterminised by powerset-construction, the re-
quired time may be exponential and the resulting automaton may be exponential
in size. (Closure under intersection does not increase this.) Furthermore, for each
element of ∆V , one has to calculate δ(P, a ∈ Σ), where |P | ≤ |Q|, thus O(|Q|).
Considering that the univeral automaton may have up to 2|Q| states, ∆V may have
up to 2|Q| · |Σ| · 2|Q| Elements, resulting in O(2|Q| · |Q| · |Σ|) calls to δ and O(2|Q| · |Σ|)
subset-tests for the calculation of ∆V alone. For the calculation of initial and final
states, one has merely to do O(2|Q|) subset tests.

3.2 An Example

Consider the language L1 = Σ∗aΣ with Σ = {a, b}. The minimal DFA A1 =
(QA,Σ, δA, qA

I , Q
A
F ) for this language is given in Figure 1a, the codeterminised C1 =

COD(A1) = (QC ,Σ,∆C , QC
I , {q

C
F }) in Figure 1b.

As can be seen from Figure 1b, C1 has the states QC = {{0, 1, 2, 3}, {1, 3}, {2, 3}}.
Closing under intersection gives

I1 = {{0, 1, 2, 3}, {1, 3}, {2, 3}, {3}}

Thus the resulting universal automaton U1 = (QU ,Σ,∆U , QU
I , Q

U
F ) has 4 states,

as can be seen in Figure 1c. With the earlier introduced formulas, one can easily
calculate:
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QU
I = {{0, 1, 2, 3}} ; QU

F = {{1, 3}, {3}}

δA({0, 1, 2, 3}, a) = {2, 3} δA({0, 1, 2, 3}, b) = {0, 1}
δA({1, 3}, a) = {2, 3} δA({1, 3}, b) = {0, 1}
δA({2, 3}, a) = {3} δA({2, 3}, b) = {1}
δA({3}, a) = {3} δA({3}, b) = {1}

From these, ∆U can be calculated as seen in Figure 1c.

∆U = {
({0, 1, 2, 3}, a, {0, 1, 2, 3} ({0, 1, 2, 3}, a, {2, 3}), ({0, 1, 2, 3}, b, {0, 1, 2, 3}),
({1, 3}, a, {0, 1, 2, 3}), ({1, 3}, a, {2, 3}), ({1, 3}, b, {0, 1, 2, 3})
({2, 3}, a, {0, 1, 2, 3}), ({2, 3}, a, {1, 3}), ({2, 3}, a, {2, 3}),
({2, 3}, a, {3}), ({2, 3}, b, {0, 1, 2, 3}), ({2, 3}, b, {1, 3}),
({3}, a, {0, 1, 2, 3}), ({3}, a, {1, 3}), ({3}, a, {2, 3}),
({3}, a, {3}), ({3}, b, {0, 1, 2, 3}), ({3}, b, {1, 3}),

}

4 Minimal NFAs for regular languages

As there exists a mapping from any automaton accepting a language into the univer-
sal automaton of this language, as we will see, one can use the universal automaton
to find a smallest NFA. The following section will introduce the notion of this map-
ping and show, how it helps in finding a smallest NFA.

Finding a minimal NFA for a given language is a PSPACE-complete problem
[JR93]. A PSPACE algorithm to find a minimal NFA for a given language is: enu-
merate all NFAs by increasing size, test them for language equality to the given
language. Notice that constructing the universal automaton is EXPTIME (see The-
orem 3). As PSPACE ⊆ EXPTIME, using the universal automaton to find a minimal
NFA may not be the most efficient way to find a minimal NFA. However, experience
has shown that the construction of the universal automaton can be done rather
efficiently most of the time. With the increased performance in the enumeration-
process, this method can then compete with other minimisation methods.

4.1 Morphisms into the Universal Automaton

Definition 1. Given two automata A, B and a function ϕ : QA → QB with A =
(QA,Σ,∆A, QA

I , Q
A
F ) and B = (QB,Σ,∆B, QB

I , Q
B
F ), then ϕ is a morphism (between

automata), iff:

ϕ(QA
I ) ⊆ QB

I ∧ ϕ(QA
F ) ⊆ QB

F ∧ ∀(q, a, qt) ∈ ∆A : (ϕ(q), a, ϕ(qt)) ∈ ∆B

Theorem 4. For any automaton accepting a language L there exists a morphism
into UL. 2

2This is a basic property of the universal automaton from which it derives its name. See [LS08],
Theorem 2.16, where even even a stronger variant of this is shown.
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Definition 2. Given a language L, universal automaton UL = (QU ,Σ,∆U , QU
I , Q

U
F )

and any automaton A = (Q,Σ,∆, QI , QF ) with L = LA, the left canonical morphism
ϕ : Q→ QU is:

ϕ(q) = (Xq, Yq) with Yq = {v ∈ Σ∗ | P (q) · v ⊆ L} =
⋂

w∈P (q)

w−1L

If the universal automaton is known, this map can be computed in polynomial
time. For an example of the morphism for L1 from section 3.2, see Figure 2a.

4.2 NFA-minimisation by morphisms

Lemma 4. For any minimal automaton the left canonical morphism ϕ is injective.

Proof. Assume the opposite: ϕ is not injective, thus there exist two different states
q, r with ϕ(q) = ϕ(r). From the definition of ϕ follows that F (q) = F (r), thus⋂

u∈P (q) u
−1L =

⋂
v∈P (r) v

−1L, hence q and r can be merged into a single state.	The
considered automaton is not minimal.

Definition 3. A subautomaton of an automaton A is a copy of A with a subset
of its states and a subset of its transitions removed. Transitions from and to the
removed states are removed as well.

Theorem 5. Any minimal automaton ML of a language L is a subautomaton of
UL

Proof. Obviously,ML is smaller or equal than UL. Thus the left canonical morphism
ϕ is injective. Due to the nature of morphisms, given ϕ and UL, one can obtainML

by removing all states in UL that are not hit by ϕ. Removal of superfluous transitions
may be required, too, to meet the exactML.

From Theorem 5 follows, that finding a minimal automaton for a language L is
as simple as testing all subautomata of UL (in size-increasing order) for language
equality to UL. As for a UL with n states, that would be up to 2n equivalence tests ;
this is still a hard problem. However, there have been several advances in heuristics
to exclude wrong subautomata in a fast way [KW70] [Pol05]. In the following, a
condition is presented that was inspired by [MP95].

Theorem 6. Let A = (Q,Σ, δ, qI , QF ) be a DFA and UL be the correspondingly
constructed universal automaton. A state set QM ⊆ IL

3 imposes a subautomaton
ML = (QM ,Σ,∆M , QM

I , Q
M
F ) on UL accepting the same language, if:

a)
⋃

F∈QM ,F⊆QF
F = QF

b) ∀a ∈ Σ, ∀q ∈ Q, ∀P ∈ QM :
[ δ(q, a) = p ∧ p ∈ P ] → [ ∃S ∈ QM : q ∈ S ∧ δ(S, a) ⊆ P ]

3IL, the set of states in the universal automaton, is a subset of 2Q. It follows that QM ⊆ 2Q.
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C1
U1

C13

U13

C0123 a + b

C23

a

U0123

a + b

U23

a + b

a

U3

a + b

a

a + b

a

a + b

a

a + b

a

a + b

a

(a) Minimal automaton C1, U1 and canonical morphism

M0123 a + b

M23

a a + b

a

M13

a + b

a + b

a

(b) Maximal UL sub-
automatonM1 for C1

Figure 2: Morphism for C1 and according subautomaton

Proof. Let w = a0a1...an ∈ LA be a word. The run of w in A is qIq1...qnqF
4.

According to a), there exists a final state F ∈ QM
F with qF ∈ F . Starting from

this state and moving backwards over the word, b) gives: if there exists a state
Pi ∈ Q

M with qi ∈ Pi, from δ(qi−1, ai−1) = qi follows that there also exists a state
Pi−1 ∈ Q

M with pi−1 ∈ Pi−1 and (Pi−1, ai−1, Pi) ∈ ∆M . Once that by induction we
pass the first character a0 in the word, in A the current state would be qI . InML,
the corresponding state P0 is initial as well, as qI ∈ P0. Thus ML accepts w.

4.3 Example (continued)

Recall the example from section 3.2: L1 = Σ∗aΣ with Σ = {a, b}. The reader will
have noticed that a smallest possible automaton for L1 is, by chance, C1. The left
canonical morphism from C1 is shown in Figure 2a, the maximal subautomatonM1

of U1 under this morphism is shown in 2b.
M1 is language equivalent to U1 and C1, even though C1 has less transitions. The

reader will easily notice that the new transitions are superfluous in that they do not
change the language; they are just a saturation of the subautomaton with all edges
not changing the language. Verifying the conditions of Theorem 6 forM1 is left as
an exercise to the reader.

4qI ⊢a0
q1 ⊢a1

...qn ⊢an
qF with qI initial state and qF final state.
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